This article is devoted to new results of investigations of quasi-invariant non-Archimedean valued measures, which is becoming more important nowdays due to the development of non-Archimedean mathematical physics, particularly, quantum mechanics, quantum field theory, theory of superstrings and supergravity [VV89, VVZ94, ADV88, Cas02, DD00, Khr90, Lud99t, Jan98]. On the other hand, quantum mechanics is based on measure theory and probability theory. For comparison references are given below also on works, where realvalued measures on non-Archimedean spaces were studied.
In [Lud00f, Lud99s] non-Archimedean polyhedral expansions of ultrauniform spaces were investigated and the following theorem was proved.
Theorem. Let X be a complete ultrauniform space and K be a local field. Then there exists an irreducible normal expansion of X into the limit of the inverse system S = {P n , f m n , E} of uniform polyhedra over K, moreover, lim S is uniformly isomorphic with X, where E is an ordered set, f m n : P m → P n is a continuous maping for each m ≥ n; particularly for the ultrametric space (X, d) with the ultrametric d the inverse system S is the inverse sequence.
This structure theorem serves to prove the following theorem.
1. Theorem. Let X be a complete separable ultrauniform space and let K be a local field. Then for each marked b ∈ C s there exists a nontrivial F-valued measure µ on X which is a restriction of a measure ν in a measure space (Y, Bco(Y ), ν) = lim{(Y m , Bco(Y m ), ν m ),f m n , E} on X and each ν m is quasi-invariant and pseudo-differentiable for b ∈ C s relative to a dense subspace Y ′ m , where Y n := c 0 (K, α n ),f m n : Y m → Y n is a normal (that is, K-simplicial nonexpanding) mapping for each m ≥ n ∈ E,f m n | Pm = f m n . Moreover, if X is not locally compact, then the family F of all such µ contains a subfamily G of pairwise orthogonal measures with the cardinality card(G) = card(F) c , c := card(Q p ).
Proof. Choose a polyhedral expansion of X in accordance with cited above theorem. Let Q p ⊂ K, s = p are prime numbers, Q s ⊂ F, where F is a non-Archimedean field complete relative to its uniformity. On each X n take a probability F-valued measure ν n such that X n \P n νn < ǫ n , n∈E ǫ n < 1/5.
In accordance with §3.5.1 and §4.2.1 [Lud96c, Lud02j] (see also [Lud03s2] ) each ν n can be chosen quasi-invariant and pseudo-differentiable for b ∈ C s relative to a dense K-linear subspace Y ′ n , since each normal mapping f m n has a normal extension on Y m supplied with the uniform polyhedra structure. Since E is countable and ordered, then a family ν n can be chosen by transfinite induction consistent, that is,f m n (ν m ) = ν n for each m ≥ n in E, f m n (Y ′ m ) = Y ′ n . Then X = lim{P m , f m n , E} ֒→ Y . Sincef m n are K-linear, then (f m n ) −1 (Bco(Y n )) ⊂ Bco(Y m ) for each m ≥ n ∈ E. Therefore, ν is correctly defined on the algebra n∈E f −1 n (Bco(Y n )) of subsets of Y , where f n : X → X n are K-linear continuous epimorphisms. Since ν is nontrivial and ν is bounded by 1, then by the non-Archimedean analog of the Kolmogorov theorem [Lud01f, LK02] ν has an extension on the algebra Bco(Y ) and hence on its completion Af (Y, ν). Put Y ′ := lim{Y ′ m ,f m n , E}. Then ν m on Y m is quasi-invariant and pseudo-differentiable for b ∈ C s relative to Y ′ m . From n ǫ n < 1/5 it follows, that 1 ≥ X µ ≥ n (1 − ǫ n ) > 1/2, hence µ is nontrivial.
To prove the latter statement use the non-Archimedean analog of the Kakutani theorem (see [Lud96c, Lud02j] ) for n Y n and then consider the embeddings X ֒→ Y ֒→ n Y n such that projection and subsequent restriction of the measure n ν n on Y and X are nontrivial, which is possible due to the proof given above. If n ν n and n ν ′ n are orthogonal on n Y n , then they give ν and ν ′ orthogonal on X.
Definitions and Notes. A function
. We introduce the following notation P D c (b, f (x)) for such integral by B(K, 0, 1) instead of the entire K. Where
with the corresponding Haar measure v with values in K s , where K s is a local field containing the field Q s , s is a prime number, b ∈ C s and |x| K = p −ordp(x) , C s denotes the field of complex numbers with the non-Archimedean valuation extending that of Q s , U s is a spherically complete field with a valuation group Γ Us :
(0, ∞) → R is the natural logarithmic function such that ln(e) = 1. The function s α+iβ =: ξ(α, β) with α and β ∈ R is defined due to the algebraic isomorphism of C s with C (see [Kob77] ) in the following manner. Put s α+iβ := s α (s i ) β and choose as s i a marked number in U s such that
For a fixed z ∈ X such measure is called pseudo-differentiable along z.
2.1. Definitions and Remarks. Let X be a locally K-convex space equal to a projective limit lim{X j , φ j l , Υ} of Banach spaces over a local field K such that X j = c 0 (α j , K), where the latter space consists of vectors x = (x k : k ∈ α j ), x k ∈ K, x := sup k |x k | K < ∞ and such that for each ǫ > 0 the set {k : |x k | K > ǫ} is finite, α j is a set, that is convenient to consider as an ordinal due to Kuratowski-Zorn lemma [Eng86, Roo78] ; Υ is an ordered
Consider also a locally R-convex space, that is a projective limit Y = lim{l 2 (α j , R), ψ j l , Υ}, where l 2 (α j , R) is the real Hilbert space of the topological weight w(l 2 (α j , R)) = card(α j )ℵ 0 .
Suppose B is a symmetric nonegative definite (bilinear) nonzero functional
Consider a non-Archimedean field F such that K s ⊂ F and with the valuation group Γ F = (0, ∞) ⊂ R and F is complete relative to its uniformity (see [Dia84, Esc95] ). Then a measure µ = µ q,B,γ on X with values in K s is called a q-Gaussian measure, if its characteristic functionalμ with values in F has the formμ
is a countable convergent series such that z k,j ∈ K, e k j is a continuous K-linear functional on X j such that e k j (e l,j ) = δ k l is the Kroneker delta symbol, e l,j is the standard orthonormal (in the non-Archimedean
where q is a positive constant, χ γ (z) : X → T s is a continuous character such that χ γ (z) = χ(z(γ)), γ ∈ X, χ : K → T s is a nontrivial character of K as an additive group (see [Roo78] and §2.5 in [Lud96c, Lud02j] ).
Proposition.
A q-Gaussian quasi-measure on an algebra of cylindrical subsets j π −1 j (R j ), where X j are finite-dimensional over K subspaces in X, is a measure on a covering ring R of subsets of X (see §2.36 [Lud96c, Lud02j] ). Moreover, a correlation operator B is of class L 1 , that is, T r(B) < ∞, if and only if each finite dimensional over K projection of µ is a q-Gaussian measure (see §2.1).
Proof. From Definition 2.1 it follows, that each one dimensional over
Lud02j] the covering ring Bco(K), where 0 = x = e k,l ∈ X l . Therefore, µ is defined and finite additive on a cylindrical algebra
., e kn,l }))], where φ l k 1 ,...,kn : X l → span K (e k 1 ,l , ..., e kn,l ) is a projection. This means that µ is a bounded quasimeasure on U. Sinceμ(0) = 1, then µ(X) = 1. The characteristic functionalμ satisfies Conditions 2.5.(3, 5) [Lud96c, Lud02j] . Vice versa suppose that each finite dimensional over K projection of µ is a measure of the same type. If for a given one dimensional over K subspace W in X it is the equality B(v q (z), v q (z)) = 0 for each z ∈ W , then the projection µ W of µ is the atomic measure with one atom. Show B ∈ L 1 (c 0 (ω 0 , K)) and
γ ∈ c 0 (ω 0 , K). Let 0 = x ∈ X and consider the projection π x : X → xK. Since µ xK is the measure on Bco(xK), then its characterisic functional satisfies Conditions of Theorem 2.30 [Lud96c, Lud02j] . Thenμ for xK gives the same characteristic functional of the typê
for each z ∈ xK, where b x > 0 and δ x ∈ K are constants depending on the parameter 0 = x ∈ X. Since x and z are arbitrary, then this implies, that
Moreover, if B is diagonal, then each one-dimensional projection µ g has the following characteristic functional:
Proof. Using the projective limit reduce consideration to the Banach space X. Take a prime number s such that s = p and consider a field K s such that K is compatible with K s , which is possible, since K is a finite algebraic extension of Q p and it is possible to take in particular 
Therefore, from the proof above and Theorem 3.5 it follows, that the measure µ q,B,γ is quasi-invariant relative to shifts on vectors from the dense
The pseudo-differential operator has the form:
Using the Fourier-Stieltjes transform write it in the form: 
Hence the pseudo-differentiability of µ of order b follows from the existence of pseudo-differential of the quasi-invariance factor ρ µ (y, g + x) of order b for µ-almost every g ∈ X. In view of Theorem 3.5 and the Fourier-Stieltjes operator isomorphism of Banach algebras L(K, R, w, K s ) and C ∞ (Kˆ. Ks , K s ) the pseudo-differentiability of ρ µ follows from the existence of F −1 (μψ), whereμ is the characteristic functional of µ. We have
is correct, since C s is algebraically isomorphic with C and Γ Us ⊃ (0, ∞).
5.
Corollary. Let X be a complete locally K-convex space of separable type over a local field K, then for each constant q > 0 there exists a nondegenerate symmetric positive definite operator B ∈ L 1 such that a q-Gaussian quasi-measure is a measure on Bco(X) and each its one dimensional over K projection is absolutely continuous relative to the nonnegative Haar measure on K. (1) f η,q := sup t∈T f (t) H N η (t) 1/q for 1 ≤ q < ∞ and
(2) f η,∞ := sup 1≤q<∞ f (t) η,q , where H is a Banach space over K.
For 0 < q < 1 this is the metric space with the metric
If H is a complete locally K-convex space, then H is a projective limit of 
Therefore, L q (T, R, η, H) is isomorphic with the projective limit lim{L q (T, R, η, H α ), π α β , Υ}. For q = 1 we write simply L(T, R, η, H) and f η . This definition is correct, since lim q→∞ a 1/q = 1 for each ∞ > a > 0. ( Consider T such that card(T ) > n. For X = C 0 b (T, H) or X = H T define X(T, H; (t 1 , ..., t n ); (z 1 , ..., z n )) as a closed submanifold in X of all f : T → H, f ∈ X such that f (t 1 ) = z 1 , ..., f (t n ) = z n , where t 1 , ..., t n are pairwise distinct points in T and z 1 , ..., z n are points in H. For X = L q (T, R, η, H) and pairwise distinct points t 1 , ..., t n in T with N η (t 1 ) > 0, ..., N η (t n ) > 0 define X(T, H; (t 1 , ..., t n ); (z 1 , ..., z n )) as a closed submanifold which is the completion relative to the norm f η,q of a family of Rstep functions f : T → H such that f (t 1 ) = z 1 , ..., f (t n ) = z n . In these cases X(T, H; (t 1 , ..., t n ); (0, ..., 0)) is the proper K-linear subspace of X(T, H) such that X(T, H) is isomorphic with X(T, H; (t 1 , ..., t n ); (0, ..., 0)) ⊕ H n , since if f ∈ X, then f (t) − f (t 1 ) =: g(t) ∈ X(T, H; t 1 ; 0) (in the third case we use that T ∈ R and hence there exists the embedding H ֒→ X). For n = 1 and t 0 ∈ T and z 1 = 0 we denote X 0 := X 0 (T, H) := X(T, H; t 0 ; 0).
Definitions.
We define a (non-Archimedean) stochastic process w(t, ω) with values in H as a random variable such that:
(i) the differences w(t 4 , ω) − w(t 3 , ω) and w(t 2 , ω) − w(t 1 , ω) are independent for each chosen (t 1 , t 2 ) and (t 3 , t 4 ) with t 1 = t 2 , t 3 = t 4 , such that either t 1 or t 2 is not in the two-element set {t 3 , t 4 }, where ω ∈ Ω;
(ii) the random variable ω(t, ω) − ω(u, ω) has a distribution µ Ft,u , where µ is a probability K s -valued measure on (X (T, H) 
we also put w(0, ω) = 0, that is, we consider a K-linear subspace L q (Ω, F, λ; X 0 ) of L q (Ω, F, λ; X), where Ω = ∅, X 0 is the closed subspace of Proof. Define U s -valued moments m q k (e j 1 , ..., e j k ) := H v s 2q (e j 1 (x))...v s 2q (e j k (x))µ q,B,γ (dx) for linear continuous functionals e j 1 , ..., e j k on H such that e l (e j ) = δ l j , where {e j : j ∈ α} is the standard orthonormal base in H. 
Consider the operator
. For u = 1 we write shortly P ∂ 1 = P ∂ and P ∂ u j means the operator of partial pseudo-differential (with weight multiplier) given by Equation (iii) by the variable x j . A function ψ for which P ∂ u j ψ exists is called pseudodifferentiable (with weight multiplier) of order u by variable x j . Then
).e j := P ∂ j f (x). Therefore, In particular for A = I and µ q,tB,0 corresponding to the transition measure of ξ(t, ω) we get Formula (i) for a real time parameter, using µ q,ln[χ F (t)]B,0 we get Formula (ii) for a time parameter belonging to F, since ξ(t 0 , ω) = 0 for each ω.
10. Corollary. Let H = K and ξ, B = 1, γ be as in Proposition 9, then
for each a < b ∈ T with real time, where φ(t, ω) ∈ L(Ω, U, λ, C 0 0 (T, R)) ξ ∈ L(Ω, U, λ, X 0 (T, K)), (Ω, U, λ) is a probability measure space. ω) ) for λ-almost all ω ∈ Ω, since C s ⊂ U s and C s is algebraically isomorphic with C, then from the application of Formula 9.(i) to each v s 2q (ξ(t j+1 , ω)−ξ(t j , ω)) and the existence of the limit by finite partitions a = t 1 < t 2 < ... < t N +1 = b of the segment [a, b] it follows Formula 10.(i).
Definitions and Notes.
Consider a pseudo-differential operator on H = c 0 (α, K) such that
where b k j 1 ,...,j k ∈ R, P ∂ j k := P ∂ 1 j k . If there exists n := max{k : b k j 1 ,...,j k = 0, j 1 , ..., j k ∈ α}, then n is called an order of A, Ord(A), where P ∂ j is defined by Formula 9.(iii). If A = 0, then by definition Ord(A) = 0. If there is not any such finite n, then Ord(A) = ∞. We suppose that the corresponding formÃ on k Y k is continuous into C, where k ∈ N such that k ≤ [n] and also for k = n is denoted by P C n (X, Z) and
f ∈ P C n (X, Z) is called n times continuously pseudodifferentiable, where
[n] ≤ n is an integer part of n, 1 > {n} := n − [n] ≥ 0 is a fractional part of n. Then P C ∞ (X, Z) := ∞ n=1 P C n (X, Z) denotes a space of all infinitely pseudo-differentiable functions.
Embed R into C s and consider the function v s 2 :
t ≥ 0, when it exists by the filter of local subfields K in C p , which is correct, The functionalÃ on each ball of radius 0 < R < ∞ in Y is a uniform limit of its restrictionsÃ| k [span K (e 1 ,...,en)] k , when n tends to the infinity, sinceÃ is continuous on k Y k . Since u 0 (x − y) ∈ L(H, Bco(H), µ tÃ , U s ) and a space of cylindrical functions is dense in the latter Banach space over U s , then in view of Theorems 9.14, 9.21 [Roo78] and the Fubini theorem it follows that lim P →I F P x u 0 (P x))μ tÃ (y + P x) converges in L(H, Bco(H), µ tÃ , U s ) for each t, since µ t 1Ã * µ t 2Ã = µ (t 1 +t 2 )Ã for each t 1 , t 2 and t 1 + t 2 ∈ T , where P is a projection on a finite dimensional over K subspace H P := P (H) in H, H P ֒→ H, P tends to the unit operator I in the strong operator topology, F P x u 0 (P x) denotes a Fourier transform by the variable P x ∈ H P . Consider 
where µ (P ) (P −1 (A)) := µ(P −1 (A)) for each A ∈ Bco(X P ), P : X → X P is a projection on a K-linear subspace X P , a convergence P → I is considered relative to a strong operator topology.
Proof. From the use of the projective limit decomposition of X and Theorem 2.37 [Lud96c, Lud02j] it follows, that there exists
, since ν is tight and hence each ν X P is tight. Each measure ν j is tight, then due to Lemma 2.3 and §2.5 [Lud96c, Lud02j] there exists the limit x ∈ X. Since K is locally compact, then X * is nontrivial and separates points of X (see [NB85, Roo78] ). Each one-dimensional over K projection of a Gaussian measure is a Gaussian measure and products of Gaussian measures are Gaussian measures, hence convolutions of Gaussian measures are also Gaussian measures. Therefore,μ x 0 : X * → U s is a nontrivial character: µ x 0 (y 1 + y 2 ) =μ x 0 (y 1 )μ x 0 (y 2 ) for each y 1 and y 2 in X * . If char(K) = 0 and K is a non-Archimedean field, then there exists a prime number p such that Q p is the subfield of K. Thenμ(p n y) = (μ(y)) p n for each n ∈ Z and y ∈ X * \ {0}, particularly, for n ∈ N tending to the infinity we have lim n→∞ p n y = 0 and lim n→∞μx 0 (p n y) = 1, lim n→∞μx 0 (y)) p n = 0, since s = p are primes, lim n→∞μx 0 (p −n y) = 0 and |μ x 0 (y)| < 1 for y = 0. This gives the contardiction, hence K can not be a non-Archimedean field of zero characteristic. Suppose that K is a non-Archimedean field of characteristic char(K) = p > 0, then K is isomorphic with the field of formal power series in variable t over a finite field F p . Therefore,μ x 0 (py) = 1, butμ x 0 (y) p = 1 for y = 0, since lim n→∞μx 0 (t −n y) = 0. This contradicts the fact thatμ x 0 need to be the nontrivial character, consequently, K can not be a non-Archimedean field of nonzero characteristic as well. It remains the classical case of X over R or C, but the latter case reduces to X over R with the help of the isomorphism of C as the R-linear space with R 2 . Proof. Using the projective limit reduce consideration to the Banach space X. Let z ∈ X be a marked vector and P z be a projection operator on zK such that P 2 z = P z , z = j z j e j , then the characteristic functional of the projection µ zK q,B,γ of µ q,B,γ has the formμ zK q,B,γ = s [( i,j B i,j v s q (z i )v s q (z j ))v s 2q (ξ)] χ γ(z) (ξ) for each vector x = ξz, where each z j and ξ ∈ K, since v s 2q (ξ) = (v s q (ξ)) 2 . Choose a sequence { n z : n} in X such that it is the orthonormal basis in X and the operator G : X → X such that G n z = n a n z with n a = 0 for each n ∈ N and there exists G −1 : G(X) → X such that it induces the operator {e j : j ∈ N} the operator T has the form T e j = a j e j , 0 = a j ∈ K for each j ∈ N, lim j→∞ a j = 0. As in Theorem 3.15 [Lud96c, Lud02j] take g n ∈ L(K, Bco(K), w ′ (dx/a n ), K s ), g n (x) = 0 for v-a.e. x ∈ K and g n = 1 for each n, for which converges ∞ n=1 β n > 0 for each y ∈ J and such that m n=1 g n (x n )w ′ (dx n /a n ) =: ν Ln (dx n ) satisfies conditions of Lemma 2.3 [Lud96c, Lud02j] , where β n := ρ n φn , 0 = a n ∈ K for each n ∈ N, ρ n (x) := µ n (dx)/ν n (dx), φ n (x) := N λn (x), λ n (dx) := g n (x)w ′ (dx/a n ), then use Theorem 3.5 [Lud96c, Lud02j] for the measure ν n (dx) := g n (x)w ′ (dx/a n ) and µ n (dx) := ν n (−y n + dx), x n := (x 1 , ..., x n ), x 1 , ..., x n ∈ K for each Proof. As in §21 choose for T an orthonormal base in X in which T is diagional and X is isomorphic with c 0 over K such that in its standard base {e j : j ∈ N} the operator T is characterized by T e j = a j e j , 0 = a j ∈ K for each j ∈ N, lim j→∞ a j = 0. Take g n from §21, where g n ∈ L(K, Bf (K), w ′ (dx/a n ), K s ), satisfy conditions there and such that there exists lim m→∞ P D(b, m n=1 g n (xz)) ∈ L(X, Bco(X), ν, F) by the variable x for each z ∈ J, where x ∈ K, K s ∪ C s ⊂ F, F is a non-Archimedean field.
Theorem
Evidently, P b (X, J) ⊂ M(X, J). The family of such sequences of functions {g n : n ∈ N} has the cardinality card(K s ) c , since in L(ν) the subspace of step functions is dense and the condition of pseudo-differentiability is the integral convergence condition (see § §4.1 and 4.2 [Lud96c, Lud02j] ).
